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THE AUSLANDER-GRUSON-JENSEN RECOLLEMENT
JEREMY RUSSELL AND SAMUEL DEAN
Abstract. For any ring R, the Auslander-Gruson-Jensen functor is the
exact contravariant functor
DA : fp(Mod(R),Ab)→ (mod(R
op),Ab)
sending representable functors (X, ) to tensor functors X ⊗ . We
show that this functor admits a fully faithful left adjoint DL and a fully
faithful right adjoint DR. The left adjoint
DL : (mod(R
op),Ab) −→ fp(Mod(R),Ab)
induces an equivalence of categories
fp(Mod(R),Ab)
{F |DAF = 0}
∼= (mod(R
op),Ab)op
where {F | DAF = 0} is the Serre subcategory of fp(Mod(R),Ab) con-
sisting of all functors F arising from pure exact sequences. As a result,
the functor DA is seen to be a Serre localization functor. The right
adjoint
DR : (mod(R
op),Ab) −→ fp(Mod(R),Ab)
together with DA restricts to the well known Auslander-Gruson-Jensen
duality.
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1. Introduction
The category of finitely presented functors fp(Mod(R),Ab) is the category
consisting of all functors F : Mod(R) → Ab such that there are modules
X,Y ∈ Mod(R) and there is an exact sequence of natural transformations
(Y, ) (X, ) F 0
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This category and the category (mod(Rop),Ab) of all additive covariant func-
tors G : mod(Rop) −→ Ab are both abelian categories, a sequence
F G H
being exact if and only if for any object A, the sequence
F (A) G(A) H(A)
is exact. The Auslander-Gruson-Jensen functor is the exact contravariant
functor
DA : fp(Mod(R),Ab) (mod(R
op),Ab)
sending representable functors (X, ) to tensor functorsX⊗ . The goal of
this paper is to produce the following recollement induced by the Auslander-
Gruson-Jensen functor DA.
The Auslander-Gruson-Jensen Recollement. There is a recollement
Ker(DA) fp(Mod(R),Ab) (mod(R
op),Ab)op
i
( )p
( )q
DR
DL
DA
meaning
(1) The inclusion functor i has left adjoint ( )p and right adjoint ( )q.
(2) The counit ( )p ◦ i→ 1 and unit 1→ ( )q ◦ i are isomorphisms.
(3) DA has left adjoint DL and right adjoint DR.
(4) The unit DADL → 1 and counit 1→ DADR are isomorphisms.
There are two well known embeddings of the module category Mod(R)
into well known functor categories. The first is the Yoneda embedding
Y : Mod(R) fp(Mod(R),Ab)
given by Y(X) = (X, ). The second is the tensor embedding
t : Mod(R) (mod(Rop),Ab)
given by t(X) = X ⊗ . Both Y and t admit adjoints. The adjoint to Y
is due to Auslander and appears in [1]. The adjoint to t is due to Gruson
and Jensen and appears in [9]. We are led to the Auslander-Gruson-Jensen
recollement by asking whether DA also admits an adjoint. We will show
that DA in fact admits both a right and left adjoint thereby completing the
following diagram of adjunctions.
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AGJ Adjunction Diagram.
Mod(R)
fp(Mod(R),Ab) (mod(Rop),Ab)
t
evRw
Y
DA
DL
DR
The main results contained herein are the following.
Theorem (Left Adjoint Theorem). The Auslander-Gruson-Jensen functor
DA admits a fully faithful left adjoint DL
fp(Mod(R),Ab) (mod(Rop),Ab)op
DA
DL
Corollary. The category (mod(Rop),Ab) embeds into the category of finitely
presented functors fp(Mod(R),Ab) via DL.
Proposition (The AGJ Localization Property). The Auslander-Gruson-
Jensen functor DA is a Serre localization functor inducing an equivalence of
categories
fp(Mod(R),Ab)
{F |DAF = 0}
∼= (mod(Rop),Ab)op
where
{F | DAF = 0}
is the Serre subcategory of fp(Mod(R),Ab) consisting of all finitely presented
functors arising from pure exact sequences.
Theorem (Right Adjoint Theorem). The Auslander-Gruson-Jensen functor
DA admits a fully faithful right adjoint DR
fp(Mod(R),Ab) (mod(Rop),Ab)op
DA
DR
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Corollary. The category (mod(Rop),Ab) embeds into the category of finitely
presented functors fp(Mod(R),Ab) via DR.
Corollary. The adjoint pair (DR,DA) restricts to the Auslander-Gruson-
Jensen duality fp(mod(R),Ab) ≃ fp(mod(Rop),Ab)op.
Contravariant Adjunction Issues. We will employ the following con-
vention when discussing contravariant functors. For the most part, we will
not move to the opposite category in order to make these functors covariant.
This means that in certain situations, one must think harder about concepts
involving adjunctions such as what the unit and counit are in the contravari-
ant case. An example is that the adjunction isomorphism for (DL,DA) is
written as
Nat(DAF,G) ∼= Nat(DLG,F )
making it difficult to know which is the right and left adjoint. Another
example is that the unit of adjunction ηF : DADL(F ) −→ F seems to have
the wrong direction. The reasoning behind this convention is the ability to
work with natural transformations in functor categories instead of looking
at the opposite functor category. The reader is invited to add the “op” and
reverse the arrows where appropriate if this is helpful.
Organization. This paper is organized as follows. In Section 2, we review
the Yoneda embedding and the tensor embedding of the category Mod(R)
into the appropriate functor category. A functor F : Mod(R) −→ Ab is
finitely presented if there is a sequence of natural transformations
(Y, ) (X, ) F 0
such that given any A ∈ Mod(R) the sequence of abelian groups
(Y,A) (X,A) F (A) 0
is exact. The category fp(Mod(R),Ab) is an abelian category with enough
projectives and projective dimension ≤ 2, as shown by Auslander in [1].
This category also has enough injectives as shown by Gentle in [8]. One
may embed the category Mod(R) into the category of finitely presented
functors using the so called Yoneda embedding which is the contravariant
left exact functor
Y : Mod(R) −→ fp(Mod(R),Ab)
given by Y(X) = (X, ). In [1], Auslander shows that this embedding has
an adjoint
w : fp(Mod(R),Ab) −→ Mod(R)
which is defined as follows. Given any projective presentation
(Y, ) −→ (X, ) −→ F −→ 0
there corresponds an exact sequence
0 −→ w(F ) −→ X −→ Y
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in Mod(R) which completely determines up to isomorphism the contravari-
ant exact functor w.
There is a second way to embed Mod(R) into an appropriate functor cat-
egory. The functor category (mod(Rop),Ab) consists of all additive functors
F : mod(Rop) −→ Ab. This category is also abelian and in fact Grothendieck.
Gruson and Jensen show in [9] that the functor
t : Mod(R) −→ (mod(Rop),Ab)
given by t(X) = X ⊗ is fully faithful and as such it is commonly re-
ferred to as the tensor embedding. Gruson and Jensen also show the func-
tor evR : (mod(R
op),Ab) −→ Mod(R) given by evR(F ) = F (R) is the right
adjoint to the tensor embedding.
The Auslander-Gruson-Jensen functor is the contravariant functor
DA : fp(Mod(R),Ab) −→ (mod(R
op),Ab)
defined by
DA = R0(t ◦ w).
Because fp(Mod(R),Ab) has projective dimension ≤ 2, one easily sees that
the left exactness of t ◦w results in DA being exact. Since the projectives of
fp(Mod(R),Ab) consist precisely of the representable functors, the functor
DA is completely determined by its exactness and the fact that, for each left
R-module X, there is an isomorphism DA(X,−) ∼= X ⊗− which is natural
in X.
In Section 3, we establish that there is a fully faithful functor
DL : (mod(R
op),Ab) −→ fp(Mod(R),Ab).
A pure exact sequence is a short exact sequence in Mod(R)
0→ A→ B → C → 0
such that
0→ A⊗ → B ⊗ → C ⊗ → 0
is exact in (mod(Rop),Ab). A pure-injective moduleM is any module which
is injective with respect to pure exact sequences. That is given any pure
exact sequence
0→ A→ B → C → 0
the sequence
0→ (C,M)→ (B,M)→ (A,M)→ 0
is exact. Gruson and Jensen in [9] classified the injectives of (mod(Rop),Ab)
as the functors of the form M ⊗ where M is pure-injective. We define
the functor
DL : (mod(R
op),Ab) −→ fp(Mod(R),Ab)
by
DL = L
0(Y ◦ evR).
Since the injectives of (mod(Rop),Ab) are the tensor functors M ⊗ for
which M is pure-injective, DL is completely determined by contravariant
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right exactness and the the fact that, for any pure-injective M , there is an
isomorphism DL(M ⊗ ) ∼= (M, ) which is natural in M .
In Section 4, we construct a natural transformation
γF : DLDA(F ) −→ F
for every finitely presented functor F : Mod(R) −→ Ab and use γ to describe
the kernel of DA. The natural transformation γ is constructed in two steps.
First, for each representable (X, ), one has pure-injectives M,N and an
exact sequence
0 X ⊗ M ⊗ N ⊗ .
This gives rise to the commutative diagram where the bottom row is a
complex and the top row is exact
(N, ) (M, ) DLDA(X, ) 0
(N, ) (M, ) (X, ).
1 1 γ(X, )
The natural transformation γ can be extended to the entire category fp(Mod(R),Ab)
using the commutative diagram with exact rows
DLDA(Y, ) DLDA(X, ) DLDAF 0
(Y, ) (X, ) F 0.
γ(Y, ) γ(X, ) γF
We show that γ is natural in F and DA(γF ) is an isomorphism. This results
in the following description of Ker(DA)
Proposition. Let F ∈ fp(Mod(R),Ab). The following are equivalent.
(1) DAF = 0
(2) F arises from a pure exact sequence.
(3) F vanishes on all pure-injectives.
(4) For every pure-injective M , Nat
(
(M, ), F
)
= 0.
(5) For every G ∈ (mod(Rop),Ab), Nat(DLG,F ) = 0
(6) γF = 0
Combining this description of the kernel with the fact that DA(γF ) is an
isomorphism, we have the following two propositions.
Proposition. For any finitely presented functor F : Mod(R)→ Ab there is
an exact sequence
0 Fp DLDA(F ) F F
p 0
γF
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where DA(Fp) ∼= DA(F
p) ∼= 0, and hence arise from pure exact sequences.
This sequence is functorial in F .
Proposition. The functor ( )p : fp(Mod(R),Ab) −→ Ker(DA) is the left
adjoint to the inclusion functor i : Ker(DA) −→ fp(Mod(R),Ab).
In Section 5, we prove the Left Adjoint Theorem, i.e. that DL is the
left adjoint to the Auslander-Gruson-Jensen functor DA. This is done by
proving that γ as defined in Section 4 satisfies the universal property of a
counit of adjunction.
Proposition (Counit Property of γ). Given any morphism
α : DLG −→ F
there exists a unique morphism
ϕ : DAF −→ G
such that α = γFDL(ϕ).
DLG
DLDA(F ) F
∀α
γF
DL(ϕ)
This establishes both the Left Adjoint Theorem and allows us to show the
AGL-Localization Property, that is, DA is a Serre localization functor whose
kernel is the Serre subcategory of fp(Mod(R),Ab) consisting of all finitely
presented functors arising from pure exact sequences.
In Section 6, we prove the Right Adjoint Theorem establishing that the
functor DA also has a fully faithful right adjoint DR. The functor DR is
defined as follows. Given G ∈ (mod(Rop),Ab) and any right module X,
DRG(X) = Nat(G,X ⊗ ).
In addition, one easily sees that DADR ∼= 1. Combining these facts results
in another four term exact sequence.
Corollary. For any F ∈ fp(Mod(R),Ab) there is an exact sequence
0 Fq F DRDA(F ) F
q 0
δF
where δF is the unit of adjunction. Moreover, DA(Fq) ∼= DA(F
q) ∼= 0 and
hence Fq and F
q arise from pure exact sequences. This sequence is functorial
in F .
Corollary. The functor ( )q : fp(Mod(R),Ab) −→ Ker(DA) is the right
adjoint to the inclusion functor i : Ker(DA) −→ fp(Mod(R),Ab).
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Combining all of these results gives the Auslander-Gruson-Jensen recolle-
ment. We also are able to show that (DR,DA) restricts to the Auslander-
Gruson-Jensen duality fp(mod(R),Ab)→ fp(mod(Rop),Ab)op.
Corollary. The adjoint pair (DR,DA) restricts to the Auslander-Gruson-
Jensen duality
fp(mod(R),Ab) fp(mod(Rop),Ab)op.
D
D
Because DR and DL agree on injectives we are also able to establish that
DL ∼= L
0DR. This results in an exact sequence of functors
0 −→ K −→ DL −→ DR −→ DR −→ 0
where DR and K are half exact and vanish on pure-injectives. This se-
quence is an example of the projective stabilization sequence introduced by
Auslander-Bridger in [3].
In [11], Krause produces a recollement of the restriction functor
R : fp(Aop,Ab) −→ (fp(A)op,Ab)
where A is a locally finitely presented category and fp(A) is the full subcate-
gory of finitely presented objects. This raises an interesting question. What
is the relationship between these two recollements? We will not answer this
question here; however, this will be addressed in [6] where we discuss how
the two recollements are instances of the same construction which utilizes
methods from [3].
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aware of the connection between model theory and representation theory.
The second author would like to thank his supervisor, Mike Prest, for
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Fully Faithful Adjoints. Throughout this paper we heavily use the fol-
lowing fact. The reader is referred to Theorem 1 in Chapter IV, Section 3
from [12]. If F is the left adjoint to G, then F is fully faithful if and only if
the unit of adjunction is an isomorphism. Similarly G is fully faithful if and
only if the counit of adjoint is an isomorphism.
2. The Yoneda Embedding and Tensor Embedding
This section is a quick review. For more details, see [1] and [12]. Through-
out this entire paper:
(1) The word functor will always mean additive functor.
(2) The category of right modules will be denoted by Mod(R) and the
category of finitely presented right modules will be denoted bymod(R).
(3) Every left module can be viewed as a right module over its opposite
ring Rop.
(4) The category of abelian groups will be denoted by Ab.
A functor F : Mod(R) −→ Ab is called representable if it is isomorphic
to HomR(X, ) for someX ∈ Mod(R). We will abbreviate the representable
functors by (X, ). The most important property of representable functors
is the following well known lemma of Yoneda:
Lemma 1 (Yoneda). For any covariant functor F : Mod(R)→ Ab and any
X ∈ Mod(R), there is an isomorphism:
Nat
(
(X, ), F
)
∼= F (X)
given by α 7→ αX(1X). The isomorphism is natural in both F and X.
An immediate consequence of the Yoneda lemma is that for any X,Y ∈
Mod(R), Nat
(
(Y, ), (X, )
)
∼= (X,Y ). Hence all natural transformations
between representable functors come from morphisms between objects in
Mod(R).
Definition 1 (Auslander). A functor F : Mod(R) → Ab is called finitely
presented if there exists a sequence of natural transformations
(Y, ) (X, ) F 0
such that for any A ∈ Mod(R), the sequence of abelian groups
(Y,A) (X,A) F (A) 0
is exact.
One easily shows that if F is finitely presented, then the collection of
natural transformations Nat(F,G) for any functor G : Mod(R) −→ Ab is ac-
tually an abelian group. As such, one may form a category whose objects
are the covariant finitely presented functors F : Mod(R) −→ Ab and whose
morphisms are the natural transformations between two such functors. This
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category is denoted by fp(Mod(R),Ab) and was studied extensively by Aus-
lander in multiple works.
Theorem 2 (Auslander, [1], Theorem 2.3). The category fp(Mod(R),Ab)
consisting of all finitely presented functors together with the natural trans-
formations between them satisfies the following properties:
(1) fp(Mod(R),Ab) is abelian. A sequence of finitely presented functors
F −→ G −→ H
is exact if and only if for every A ∈ Mod(R) the sequence of abelian
groups
F (A) −→ G(A) −→ H(A)
is exact.
(2) The projectives are precisely the representable functors (X, ).
(3) Every finitely presented functor F ∈ fp(Mod(R),Ab) has a projective
resolution of the form
0 −→ (Z, ) −→ (Y, ) −→ (X, ) −→ F −→ 0.
The functor Y : Mod(R) −→ fp(Mod(R),Ab) given by Y(X) := (X, ) is a
contravariant left exact embedding commonly referred to as theYoneda embedding.
Proposition 3 (Auslander, [1]). The functor Y : Mod(R) −→ fp(Mod(R),Ab)
admits a left adjoint w : fp(Mod(R),Ab) −→ Mod(R) which is an exact con-
travariant functor. The functor w is completely determined by exactness
and the property that, for each X ∈ Mod(R), there is an isomorphism
w(X, ) ∼= X which is natural in X. This is the “Coyoneda lemma”: The
statement that, for any X ∈ Mod(R) and F ∈ fp(Mod(R),Ab), there is an
isomorpism Nat(F, (X, )) ∼= (X,w(F )) which is natural in X and F .1
The category fp(Mod(R),Ab) also has enough injectives as shown by Gen-
tle and he completely classified them.
Proposition 4 (Gentle, [8]). The category fp(Mod(R),Ab) has enough in-
jectives. A functor F : Mod(R) −→ Ab is an injective object in fp(Mod(R),Ab)
if and only if there are projective modules P,Q such that there exists an
exact sequence
(Q, )→ (P, )→ F → 0.
Denote by (mod(Rop,Ab) the category whose objects are additive functors
F : mod(Rop) −→ Ab and whose morphisms are the natural transformations
between. This category is also abelian and again a sequence of functors
F → G → H in (mod(Rop),Ab) is exact if and only if for any finitely
presented module A ∈ mod(Rop), the sequence of abelian groups F (A) →
G(A)→ H(A) is exact.
1A discussion regarding this fact appears in [15].
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Theorem 5. The category (mod(Rop),Ab) is abelian and in fact Grothendieck.
The projectives of (mod(Rop),Ab) are precisely the direct summands of func-
tors of the form ⊕i∈I(Xi, ) such that each Xi ∈ mod(R
op). The category
has enough projectives.
Theorem 6 (Gruson, Jensen, [9]). The functor t : Mod(R) −→ (mod(Rop),Ab)
given by
t(M) =M ⊗
is a fully faithful covariant functor.
Lemma 7 (Auslander, Lemma 6.1). Let L ∈ Mod(Rop). Then
⊗ L : Mod(R) −→ Ab
is finitely presented if and only if L is finitely presented.
The fact that fp(Mod(R),Ab) has global dimension ≤ 2 has interest-
ing consequences when computing derived functors. In order to define the
Auslander-Gruson-Jensen functor in the most efficient way, we will need the
following lemma.
Lemma 8. Let C,D be abelian categories and suppose that
S : C −→ D
is an additive functor.
(1) If S is left exact covariant and C has projective dimension ≤ 2, then
L0S is exact.
(2) If S is right exact covariant and C has projective dimension ≤ 2,
then R0S is exact.
(3) If S is left exact contravariant and C has injective dimension ≤ 2,
then L0S is exact.
(4) If S is right exact contravariant and C has projective dimension ≤ 2,
then R0S is exact.
Proof. All of the proofs are similar so we only prove the fourth statement
since this is the one we will use when defining the Auslander-Gruson-Jensen
functor. Take any short exact sequence of objects in C
0 −→ A −→ B −→ C −→ 0
and use the horseshoe lemma to produce the following commutative diagram
with exact rows and columns which are projective resolutions of A,B,C
respectively.
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0 0 0
0 A2 B2 C2 0
0 A1 B1 C1 0
0 A0 B0 C0 0
0 A B C 0
0 0 0.
Applying the right exact contravariant functor S, using the fact that the
rows consisting of projectives split, and the using the definition of R0S, one
produces the following commutative diagram with exact rows and columns.
0 0 0
0 R0S(C) R0S(B) R0S(A)
0 S(C0) S(B0) S(A0) 0
0 S(C1) S(B1) S(A1) 0
0 S(C2) S(B2) S(A2) 0
0 0 0
Now by the Snake Lemma there is an exact sequence
0 R0S(C) R0S(B) R0S(A) 0
This shows that R0S is a contravariant exact functor as claimed. 
As an immediate application of this lemma, observe that the functor t◦w
is right exact contravariant as it is the exact contravariant functor w followed
by the right exact functor t. Hence the functor R0(t ◦ w) is exact.
Definition 2. The Auslander-Gruson-Jensen functor is the functor
DA = R0(t ◦ w).
Proposition 9. The Auslander-Gruson-Jensen functor satisfies the follow-
ing
(1) DA is exact contravariant.
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(2) For any X ∈ Mod(R), there is an isomorphism DA(X, ) ∼= X ⊗
which is natural in X.
(3) For any L ∈ mod(Rop), there is an isomorphism DA( ⊗L) ∼= (L, )
which is natural in L.
3. The First Embedding (mod(Rop),Ab) −→ fp(Mod(R),Ab)
Definition 3. A pure exact sequence is a short exact sequence of mod-
ules
0→ A→ B → C → 0
such that
0→ A⊗ → B ⊗ → C ⊗ → 0
is exact in (mod(Rop),Ab).
Definition 4. A pure-injective moduleM is any module which is injective
with respect to pure exact sequences. That is given any pure exact sequence
0→ A→ B → C → 0
the sequence
0→ (C,M)→ (B,M)→ (A,M)→ 0
is exact.
Proposition 10 (Gruson, Jensen, [9]). The injectives (mod(Rop),Ab) are
precisely the functors of the form M ⊗ for which M is pure-injective.
The existence of injectives in (mod(Rop),Ab) allows us to compute derived
functors. There is an obvious contravariant functor
Y ◦ evR : (mod(R
op),Ab) −→ fp(Mod(R),Ab)
given by
Y ◦ evR(F ) = (F (R), )
Since (mod(Rop),Ab) has enough injectives, we may compute zeroth left
derived functors. Define
DL = L
0(Y ◦ evR).
Lemma 11. For any pure-injective module M , there is an isomorphism
DL(M ⊗ ) ∼= (M ) which is natural in M .
Proposition 12. The composition DADL is ismorphic to the identity. This
immediately implies that DA is dense and DL is faithful.
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Proof. Start with any injective copresentation
0 F M ⊗ N ⊗ .
f ⊗
Applying DL yields exact sequence:
(N, ) (M, ) DLF 0.
(f, )
Applying the exact functor DA yields exact sequence:
0 DADL(F ) M ⊗ N ⊗ .
f ⊗
Therefore DADL(F ) ∼= Ker(f ⊗ ) ∼= F and it is easily verified that this
isomorphism is natural. 
Proposition 13. The functor DL is full.
Proof. Take any two functors F,G ∈ (mod(Rop),Ab) and injective copre-
sentations
0 F M ⊗ N ⊗
0 G U ⊗ V ⊗
f ⊗
g ⊗
whereM,N,U, V are all pure-injective. Any natural transformation α : DLG→
DLF can be lifted producing the following commutative diagram with exact
rows.
(V, ) (U, ) DLG 0
(N, ) (M, ) DLF 0
(g, )
(f, )
α(k, ) (h, )
By the commutativity of the left square we have a commutative diagram
with exact rows
0 F M ⊗ N ⊗
0 G U ⊗ V ⊗
f ⊗
g ⊗
h⊗ k ⊗
which embeds into the commutative diagram with exact rows
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0 F M ⊗ N ⊗
0 G U ⊗ V ⊗
f ⊗
g ⊗
h⊗ k ⊗β
A simple diagram chase now shows that α = DL(β) . 
Combining the fullness of DL with the faithfulness established above, we
have achieved the following.
Corollary 14. The category (mod(Rop),Ab) embeds into the category of
finitely presented functors fp(Mod(R),Ab) via DL.
4. Auslander’s Blueprint
In [1], Auslander constructs a morphism F
ϕ
−→ (w(F ), ) and discusses
the universal property that it satisfies. Though Auslander never explicitly
states that Y admits an adjoint, the universal property of ϕ immediately im-
plies that w is the right adjoint to Y. For this reason we will use Auslander’s
four term sequence
0 F0 F Yw(F ) F1 0
ϕ
as a blueprint for establishing the Left Adjoint Theorem.
Proposition 15 (Auslander,[1], pg 204). For any finitely presented functor
F : Mod(R)→ Ab there exists an exact sequence
0 F0 F Yw(F ) F1 0
ϕ
where w(F0) ∼= w(F1) ∼= 0. This sequence is functorial in F .
4.1. Constructing γ. For any X ∈ Mod(R) take an injective copresenta-
tion
0 X ⊗ M ⊗ N ⊗ .
This yields a commutative diagram
(N, ) (M, ) DLDA(X, ) 0
(N, ) (M, ) (X, ).
1 1 γ(X, )
Lemma 16. If (f, ) : (X, ) −→ (Y, ), then there is a commutative
diagram
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DLDA(Y, ) DLDA(X, )
(Y, ) (X, ).
DLDA(f, )
(f, )
γ(Y, ) γ(X, )
In other words, γ is natural in (X, ).
We include a proof for convenience of the reader; however, as defined
γ(X, ) is obtained by evaluating the well known morphism
L0(Y ◦ evR) −→ Y ◦ evR
at the tensor functor X ⊗ . For details, the reader is referred to [5],
Chapter 5, Section 5.
Proof. Given any morphism (f, ) : (Y, ) −→ (X, ) we have a commu-
tative diagram with exact rows
0 X ⊗ M ⊗ N ⊗
0 Y ⊗ U ⊗ V ⊗
f ⊗
where M,N,U, V are pure-injective. Applying DL yields the following dia-
gram with exact rows
(V, ) (U, ) DLDA(Y, ) 0
(Y, )
(X, )
(M, ) (N, ) DLDA(X, ) 0
(f, ) DLDA(f, )
γ(Y, )
γ(X, )
where all solid paths commute. A simple diagram chase now shows that the
square containing the dashed natural transformations commutes establishing
the claim. 
We will now extend γ to the entire category fp(Mod(R),Ab) For any
F ∈ fp(Mod(R),Ab) and presentation
(Y, ) −→ (X, ) −→ F −→ 0.
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The natural transformation γF is obtained as the induced natural transfor-
mation in the following commutative diagram with exact rows.
DLDA(Y, ) DLDA(X, ) DLDAF 0
(Y, ) (X, ) F 0
γ(Y, ) γ(X, ) γF
Lemma 17. For any functor F ∈ fp(Mod(R),Ab), DA(γF ) is an isomor-
phism.
Proof. For any X ∈ Mod(R) take an injective copresentation
0 X ⊗ M ⊗ N ⊗ .
f ⊗ g ⊗
As discussed above in the definition of γ, we have the commutative diagram
below whose top row is exact.
(N, ) (M, ) DLDA(X, ) 0
(N, ) (M, ) (X, )
(g, ) DL(f ⊗ )
(g, ) (f, )
1 1 γ(X, )
Applying DA and using the fact DA sends representables to tensors yields
the following commutative diagram whose bottom row is exact.
0 X ⊗ M ⊗ N ⊗
0 DADLDA(X, ) M ⊗ N ⊗
DA(γ)
g ⊗f ⊗
g ⊗
1 1
DADL(f ⊗ )
The top row is simply the injective copresentation of X⊗ that we started
with and hence is exact. It follows that DA(γ(X, )) is an isomorphism for
any representable. Using this fact and applying DA to the diagram preceding
this lemma one easily sees that DA(γF ) is an isomorphism for any F . 
4.2. The Diagrams. We next show that as defined γ is natural in F . We
begin by taking any natural transformation α : F −→ G and producing
commutative diagrams that will be relevant in the proof of the naturality of
γ. We lift α : F −→ G through any two projective presentations of F and
G to get the first commutative diagram:
Diagram 1. We have commutative diagram with exact rows.
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(Y, ) (X, ) F 0
(B, ) (A, ) G 0
(f, ) ε
(b, ) (a, ) α
(g, ) η
Diagram 2. By Lemma 16 and Diagram 1 we have the following commu-
tative square.
DLDA(X, ) DLDA(A, )
(X, ) (A, )
DLDA(a, )
(a, )
γ(X, ) γ(A, )
Diagram 3. By definition of γF , we have the following commutative dia-
gram with exact rows.
DLDA(Y, ) DLDA(X, ) DLDAF 0
(Y, ) (X, ) F 0
DLDA(f, ) DLDA(ε)
γ(Y, ) γ(X, ) γF
(f, ) ε
Diagram 4. By definition of γG, we have the following commutative dia-
gram with exact rows.
DLDA(B, ) DLDA(A, ) DLDAG 0
(B, ) (A, ) G 0
DLDA(g, ) DLDA(η)
γ(B, ) γ(A, ) γG
(g, ) η
Diagram 5. By applying the functor DLDA to the right commutative square
of Diagram 1 we get the following commutative square.
DLDA(X, ) DLDA(F )
DLDA(A, ) DLDA(G)
DLDA(ε)
DLDA(α)DLDA(a, )
DLDA(η)
Proposition 18. The natural transformation γF is natural in F . More
precisely, if α : F −→ G is any natural transformation, then there is a com-
mutative square
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DLDA(F ) F
DLDA(G) G.
γF
αDLDA(α)
γG
Proof. We have the commutative diagrams as shown above. Therefore
αγFDLDA(ε) = α ◦ ε ◦ γ(X, ) by Diagram 3
= η ◦ (a, ) ◦ γ(X, ) by Diagram 1
= η ◦ γ(A, ) ◦DLDA(a, ) by Diagram 2
= γG ◦ DLDA(η) ◦ DLDA(a, ) by Diagram 4
= γG ◦ DLDA(α) ◦DLDA(ε). by Diagram 5
Since DLDA(ε) is an epimorphism, it follows that
αγF = γG ◦DLDA(α),
which is precisely what we needed to show. 
4.3. Achieving Auslander’s Blueprint.
Proposition 19. Let F ∈ fp(Mod(R),Ab). The following are equivalent.
(1) DAF = 0
(2) F arises from a pure exact sequence.
(3) F vanishes on all pure-injectives.
(4) For every pure-injective M , Nat
(
(M, ), F
)
= 0.
(5) For every G ∈ (mod(Rop),Ab), Nat(DLG,F ) = 0
(6) γF = 0
Proof.
(1) =⇒ (2): Take any presentation of F
0 (Z, ) (Y, ) (X, ) F 0
(g, ) (f, )
and apply the exact functor DA to get the exact sequence
0 DAF X ⊗ Y ⊗ Z ⊗ 0.
f ⊗ g ⊗
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If DAF = 0 then the sequence
0 X ⊗ Y ⊗ Z ⊗ 0.
f ⊗ g ⊗
is exact and evaluation at the ring results in the short exact sequence
0 X Y Z 0
f g
which is a pure exact sequence by definition.
(2) =⇒ (3): Now assume that there is a pure exact sequence
0 X Y Z 0
f g
such that F has a projective resolution
0 (Z, ) (Y, ) (X, ) F 0.
(g, ) (f, )
IfM is any pure-injective, then evaluating this exact sequence yields
the exact sequence of abelian groups
0 (Z,M) (Y,M) (X,M) F (M) 0.
(g,M) (f,M)
SinceM is pure exact, (f,M) is an epimorphism and thus F (M) = 0.
(3) =⇒ (4): Application of Yoneda’s lemma.
(4) =⇒ (5): Assume that for any pure-injective Nat
(
(M, ), F
)
∼= 0. Take any
G ∈ (mod(Rop),Ab) and take any monomorphism
0 G M ⊗
with M ⊗ injective, i.e. M is pure-injective. Applying DL yields
the exact sequence
(M, ) DLG 0.
Now apply the left exact functor Nat
(
, F
)
to obtain the exact
sequence
0 Nat
(
DLG,F ) Nat
(
(M, ), F
)
.
Since Nat
(
(M, ), F
)
∼= 0 it follows that Nat
(
DLG,F ) ∼= 0.
(5) =⇒ (6): Since γF ∈ Nat(DLDA(F ), F ), this is immediate.
(6) =⇒ (1) By Lemma 17
DA(γF ) : DAF −→ DADLDA(F )
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If γF = 0, then DA(γF ) = 0 is an isomorphism. Hence DAF = 0.
This completes the proof. 
Proposition 20. For any finitely presented functor F : Mod(R)→ Ab there
is an exact sequence
0 Fp DLDA(F ) F F
p 0
γF
where DA(Fp) ∼= DA(F
p) ∼= 0, and hence arise from pure exact sequences.
This sequence is functorial in F .
Proof. The Auslander-Gruson-Jensen functor DA is exact and DA(γ) is an
isomorphism. This shows that DA(Fp) ∼= DA(F
p) ∼= 0. Hence both Fp and
F p arise from pure exact sequences. The fact that γ is natural makes the
sequence functorial in F . 
Proposition 21. The functor ( )p : fp(Mod(R),Ab) −→ Ker(DA) is the
left adjoint to the inclusion functor i : Ker(DA) −→ fp(Mod(R),Ab).
Proof. Suppose that G ∈ Ker(DA) and F ∈ fp(Mod(R),Ab). By Proposition
19,
Nat(DLDR(F ), G) ∼= 0.
Therefore any α : F −→ G gives rise to the commutative diagram
DLDA(F ) F F
p 0
G
γF
0
∃!φα
where the natural transformation φ is induced by the universal property of
the cokernel of γF . It is easily seen that this induces an isomorphism
Nat
(
F p, G
)
∼= Nat
(
F, i(G)
)
which is natural in F and G. This shows that ( )p is the left adjoint to the
inclusion functor i. 
5. The Left Adjoint Theorem
The first of the two main theorems is proved in this section. The way in
which we will show the Left Adjoint Theorem is to show that γ as defined
above satisfies the universal property of a counit of adjunction.
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Proposition 22 (Counit Property of γ). Given any morphism
α : DLG −→ F
there exists a unique morphism
ϕ : DAF −→ G
such that α = γFDL(ϕ).
DLG
DLDA(F ) F
∀α
γF
DL(ϕ)
Proof. Because the functor DL is fully faithful, it suffices to show that given
any morphism
α : DLG −→ F
there exists a unique morphism
φ : DLG −→ DLDAF
such that α = γφ.
DLG
DLDA(F ) F
∀α
γF
∃!φ
The ϕ is the unique morphism such that φ = DL(ϕ).
The proof is mostly diagram chase and we will go through this in detail.
Let F ∈ fp(Mod(R),Ab) and G ∈ (mod(Rop),Ab). By Proposition 20 we
have a commutative diagram with exact rows and columns.
0 Fp DLDAF F F
p 0
0 Im(γF ) F F
p 0
0
δ
ψ
1 1
γFθ ε
ε
where ψδ = γF .
Any α : DLG −→ F induces the following commutative diagram
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DLG
0 Im(γF ) F F
p 0
α
0
ψ ε
β
where εα = 0 by Proposition 20 and β is the morphism induced by the
universal property of ψ since this is the kernel of ε.
We also obtain from any injective copresentation of G
0 DLG M ⊗ N ⊗
f ⊗ρ
the exact sequence
(N, ) (M, ) DLG 0.
pi(f, )
By the projectivity of (M, ) and the fact that δ is an epimorphism we
have the following commutative diagram.
(M, )
DLDA(F ) Im(γF ) 0
βpi
λ
δ
Now we have a commutative diagram with exact rows
(N, ) (M, ) DLG 0
0 Fp DLDAF F F
p 0
λ
γFθ
α
pi(f, )
ε
z = 0
which is justified by
(1) The fact that from the above commutative diagrams,
γFλ = ψδλ = ψβπ = απ.
(2) The fact the top row is a projective presentation of DLG.
(3) The fact that DAFp = 0 and N is pure-injective forces z = 0 by
Proposition 19.
Since
γF (f, ) = θ0 = 0
by the universal property of the cokernel π there exists a unique φ making
the following triangle commute.
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(M, ) DLG
DLDA(F )
pi
φ
λ
Again using the appropriate commutative diagrams from above we see that
γFϕπ = γFλ = απ
and since π is an epimorphism, this implies that γFϕ = α. We have therefore
produced the following commutative diagram with exact rows.
(N, ) (M, ) DLG 0
0 Fp DLDAF F F
p 0
λ
γFθ
α
pi(f, )
φ
ε
z = 0
The only thing left is to show uniqueness of φ, but if µ is any other natural
transformation filling the diagram, then γF (φ − µ) = 0 and hence φ − µ
factors through Fp. We have DAFp = 0 and φ − µ ∈ Nat(DLG,Fp) but by
Proposition 19 this means φ−µ = 0 and hence φ = µ. This shows that φ is
unique completing the proof. 
Theorem 23 (Left Adjoint Theorem). The Auslander-Gruson-Jensen func-
tor DA admits a fully faithful left adjoint DL
fp(Mod(R),Ab)op (mod(Rop),Ab)
DA
DL
That is, there is a natural isomorphism
Nat(DLG,F ) ∼= Nat(DAF,G)
The unit of adjunction is an isomorphism.
Proof. We have already shown that DL is fully faithful. The morphism γ
satisfies the counit formula required for an adjunction. As a result, for any
G ∈ (mod(Rop),Ab) and any F ∈ fp(Mod(R),Ab) there is an isomorphism
Nat(DLG,F ) ∼= Nat(DAF,G)
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which is natural in F and G. Since DL is fully faithful, it follows that the
unit of adjunction ηG : DADLG→ G is an isomorphism. 
Proposition 24 (The AGJ Localization Property). The Auslander-Gruson-
Jensen functor satisfies the following universal property. If A is any abelian
category and E : fp(Mod(R),Ab) −→ A is any exact functor vanishing on
finitely presented functors F for which DAF = 0, then there exists a unique
exact functor Ψ: (mod(Rop),Ab) −→ A making the following diagram com-
mute. In particular, Ψ = EDL is such a functor.
fp(Mod(R),Ab) (mod(Rop),Ab)
A
∀E
∃!Ψ = EDL
DA
Hence DA is a Serre localization functor inducing an equivalence of cate-
gories
fp(Mod(R),Ab)
{F |DAF = 0}
∼= (mod(Rop),Ab)op
where
{F | DAF = 0}
is the Serre subcategory of fp(Mod(R),Ab) consisting of all finitely presented
functors arising from pure exact sequences.
Proof. Using the Horseshoe lemma, Snake lemma, and the right exactness
of the tensor embedding, one can easily show that that any short exact
sequence of functors in (mod(Rop),Ab)
0 −→ F −→ G −→ H −→ 0
embeds into the following commutative diagram with 6 exact rows and 5
exact columns
0 0 0
0 F G H 0
0 M ⊗ U ⊗ K ⊗ 0
0 N ⊗ V ⊗ J ⊗ 0
0 A⊗ B ⊗ C ⊗ 0
0 0 0
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where row 3 and row 4 consist of injectives, and hence split, and row 5 arises
from the pure exact sequence 0→ A→ B → C → 0. The exactness of row
5 follows from the fact that the second row is exact and the Snake lemma.
Applying DL to the first 5 rows of this commutative yields the following
commutative diagram with exact rows and columns.
0 0 0
0 (C, ) (B, ) (A, ) S 0
0 (J, ) (V, ) (N, ) 0
0 (K, ) (U, ) (M, ) 0
DLH DLG DLF 0
0 0 0
Since 0 → A → B → C → 0 is pure exact, by Proposition 19 it follows
that DAS = 0. Suppose that E : fp(Mod(R),Ab) −→ A is any exact functor
vanishing on those functors arising from pure exact sequences. Then E(S) =
0. By the snake lemma, there is an exact sequence
0 −→ S −→ DLH −→ DLG −→ DLF −→ 0.
Since E is exact and vanishes on S, we have an exact sequence
0 −→ EDLH −→ EDLG −→ EDLF −→ 0
which shows that EDL is an exact functor.
Define Ψ = EDL. We just established that Ψ is an exact functor. We
want to show that it is the unique exact functor that satisfies the relation
ΨDA ∼= E . First we show that it satisfies this relation. Take any functor
F ∈ fp(Mod(R),Ab) and apply the functor E to the exact sequence
0 Fp DLDA(F ) F F
p 0
γ
to get the exact sequence
0 E(Fp) EDLDA(F ) E(F ) E(F
p) 0.
E(γ)
Since Fp and F
p satisfy DA(Fp) ∼= DA(F
p) ∼= 0, by assumption on E we also
know that E(Fp) ∼= E(F
p) ∼= 0 which makes E(γ) an isomorphism. Since γ
is natural in F , one now has that EDLDA ∼= E establishing that ΨDA ∼= E
as required.
We conclude with the uniqueness portion of the argument. If
Θ: (mod(Rop),Ab) −→ A
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is exact and satisfies ΘDA ∼= E , then since DADL ∼= 1 we have
Θ ∼= Θ1 ∼= ΘDADL ∼= EDL
which shows that Θ ∼= EDL as claimed. This completes the proof that DA
is a Serre localization functor. 
6. The Right Adjoint Theorem
Lemma 25. The category fp(Mod(R),Ab) has products (which are con-
structed object-wise).
Proof. This follows from the exactness of the product on the category of
abelian groups, the fact that representables are closed under products, and
the fact that products are constructed object-wise in fp(Mod(R),Ab). 
In an additive category, any limit may be constructed from products and
kernels. See [12] for details.
Corollary 26. The category fp(Mod(R),Ab) has limits (which are con-
structed object-wise).
Suppose that F ∈ mod(Rop,Ab). Let M ∈ Mod(R). Define
(DRF )(M) = Nat(F,M ⊗ ).
It is easily seen that this assignment is functorial in both F and M , that
DR(X ⊗ ) ∼= (X, ), and that for any finitely presented module V ,
DR(V, ) = ⊗ V . So for any module X and for any finitely presented
module L that both DR(X ⊗ ) and DR(V, ) are finitely presented. This
is even more general.
Proposition 27. IfG : mod(Rop) −→ Ab, then the functor DRG ∈ fp(Mod(R),Ab)
and DR : (mod(R
op),Ab) −→ fp(Mod(R),Ab) is left exact.
Proof. Let M ∈ Mod(R). Take any projective presentation of G
⊕(Yj, ) −→ ⊕(Xi, ) −→ G −→ 0
and apply the left exact functor Nat( ,M ⊗ ) to get the following com-
mutative diagram with exact rows.
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0 Nat(G,M ⊗ ) Nat
(
⊕ (Xi, ),M ⊗
)
Nat
(
⊕ (Yj , ),M ⊗
)
0 (DRG)(M)
∏
Nat
(
(Xi, ),M ⊗
) ∏
Nat
(
(Yj , ),M ⊗
)
0 (DRG)(M)
∏(
M ⊗Xi
) ∏(
M ⊗ Yj
)
0 (DRG)(M)
∏(
⊗Xi
)
(M)
∏(
⊗ Yj
)
(M)
= ∼= ∼=
∼= ∼= ∼=
∼= ∼= ∼=
It follows that there is a sequence of natural transformations
0 DRG
∏(
⊗Xi
) ∏(
⊗ Yj
)
which remains exact upon evaluation at any module. Since for all i, j the
modules Xi, Yj are finitely presented left modules, the functors ⊗Xi and
⊗ Yj are finitely presented by Lemma 7. Since fp(Mod(R),Ab) is closed
under products, it follows that DRG is finitely presented.
Now suppose that we have a short exact sequence
0 F G H 0.
α β
in (mod(Rop),Ab). Given any module M , applying the left exact functor
Nat
(
,M ⊗ ) results in the exact sequence of abelian groups
0 DRH(M) DRG(M) DRF (M)
DR(β)M DR(α)M
which shows that the following sequence of functors
0 DRH DRG DRF
DR(β) DR(α)
is exact. 
Corollary 28. If G ∈ (mod(Rop),Ab) and
⊕(Yj, ) −→ ⊕(Xi, ) −→ G −→ 0
is any projective presentation with Xi, Yj finitely presented, then DRG has
an injective copresentation of the form
0 DRG
∏(
⊗Xi
) ∏(
⊗ Yj
)
.
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Proof. The copresentation is produced in the preceding proof. The functors
of the form ⊗ Vk, where Vk is finitely presented, are injective objects in
fp(Mod(R),Ab). The product of injectives is injective and so the copresen-
tation is an injective copresentation. 
Theorem 29 (Right Adjoint Theorem). The Auslander-Gruson-Jensen func-
tor DA admits a fully faithful right adjoint DR
fp(Mod(R),Ab)op (mod(Rop),Ab)
DA
DR
That is, for any F ∈ fp(Mod(R),Ab) and any G ∈ (mod(Rop),Ab), there is
an isomorphism
Nat(F,DRG) ∼= Nat(G,DAF )
natural in F and G.
Proof. Let F ∈ fp(Mod(R),Ab) and G ∈ (mod(Rop),Ab). To any presenta-
tion
(Y, ) (X, ) F 0
(f, )
we may apply DA to produce the exact sequence
0 DAF X ⊗ Y ⊗ .
f ⊗
Applying the left exact functor Nat(G, ) yields an exact sequence
0 Nat(G,DAF ) Nat(G,X ⊗ ) Nat(G,Y ⊗ ).
Nat(G, f ⊗ )
Now by applying the left exact functor Nat( ,DRG) to the same pre-
sentation of F one obtains the following commutative diagram with exact
rows.
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0 Nat(F,DRG) Nat
(
(X, ),DRG
)
Nat
(
(Y, ),DRG
)
0 Nat(F,DRG) (DRG)(X) (DRG)(Y )
0 Nat(F,DRG) Nat
(
G,X ⊗
)
Nat
(
G,Y ⊗
)Nat(G, f ⊗ )
= ∼= ∼=
= ∼= ∼=
Therefore
Nat(F,DRG) ∼= Ker
(
Nat(G, f ⊗ )
)
∼= Nat(G,DAF )
and it is easily verified that this isomorphism is natural in F and G. This
establishes the adjunction.
Since DR is the right adjoint to DA and DA is the right adjoint to DL,
the composition DADR is the right adjoint to the composition DADL ∼= 1.
Since the identity is also the right adjoint to itself, by the uniqueness of
right adjoints, it must be the case that DADR ∼= 1. Therefore DR is faith-
ful. From the adjunction (DL,DA, η, γ) where η is the unit and γ the
counit and the adjunction (DA,DR, δ, ǫ) where δ is the unit and ǫ is the
counit, by Theorem 1, Chapter 5, Section 8 in [12], we have an adjunc-
tion (DADL,DADR, (DAδDL)η, ǫ(DAγDR)) where the unit is DAδDLη and
the counit is ǫDAγDR. But as we just discussed, this adjunction must be
equivalent to (1, 1, 1, 1) and therefore ǫ(DAγDR) must be an isomorphism.
Since DAγ is an isomorphism, it follows that DAγDR is an isomorphism and
hence ǫ is an isomorphism. As a result, the functor DR is fully faithful. This
completes the proof. 
Remark. The argument at the end of the previous proof is completely
general. Given a functor G : A → B with adjoints F ⊣ G ⊣ H, F is fully
faithful if and only if H is fully faithful.
To see this, let η and ǫ be the unit and counit of the adjunction F ⊣ G
and let θ and ζ be the unit and counit of the adjunction G ⊣ H.
Since F is fully faithful, the unit η : 1B → GF is an isomorphism. There-
fore GF is an isomorphism. By composition of adjunctions, it follows that
GF ⊣ GH, with unit (GθF )η and counit ζ(HǫG). Since GF is an isomor-
phism, so is GH, and hence both are fully faithful. Therefore, both (GθF )η
and ζ(HηG) are isomorphisms. Note that, since (ηG)(ǫG) = 1G, ǫG and
hence HǫG is an isomorphism. It follows that ζ is an isomorphism, and
hence H is fully faithful.
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Corollary 30. The category (mod(Rop),Ab) embeds into fp(Mod(R),Ab)
via the functor DR.
Corollary 31. For any F ∈ fp(Mod(R),Ab) there is an exact sequence
0 Fq F DRDA(F ) F
q 0
δF
where δF is the unit of adjunction. Moreover, DA(Fq) ∼= DA(F
q) ∼= 0 and
hence Fq and F
q arise from pure exact sequences. This sequence is functorial
in F .
Corollary 32. Suppose that F is a finitely presented functor and M is a
pure-injective. Then F (M) ∼= DRDAF (M). As a result, F (M) = 0 if and
only if (DRDAF )(M) = 0
Proof. SinceM is pure-injective and DA(Fq) ∼= DA(F
q) ∼= 0, by Proposition
19, Fq(M) ∼= F
q(M) = 0. Therefore the unit δF evaluated at any pure-
injective M is an isomorphism.
Corollary 33. The functor ( )q : fp(Mod(R),Ab) → Ker(DA) is the right
adjoint to the inclusion functor Ker(DA) −→ fp(Mod(R),Ab).
Proof. Let G ∈ Ker(DA) and F ∈ fp(Mod(R),Ab). Since DA(G) ∼= 0 we
have for any α : G −→ F the following commutative diagram with exact
rows
0 Gq G 0
0 Fq F DRDA(F )
0α∃!φ
δG
δF
where φ is induced by the universal property of the cokernel. It is easily
verified that this results in an isomorphism
Nat
(
i(G), F
)
∼= Nat(G,Fq)
which is natural in both F and G. As a result, ( )q is the right adjoint to
the inclusion functor.
For the next corollary, we review the concept of a recollement. The reader
is referred to [7] for details. A recollement consists of a diagram of additive
functors between abelian categories A,B, C
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A B C
i
iL
iR fR
fL
f
where
(1) The functor f has left adjoint fL and right adjoint f
R.
(2) The unit 1C → ffL and counit ff
R → 1C are isomorphisms.
(3) The functor i has left adjoint iL and right adjoint i
R.
(4) The unit 1A → i
Ri and counit iLi→ 1A are isomorphisms.
(5) The functor i is an embedding onto the full subcategory of A con-
sisting of all objects A for which f(A) = 0.
The Auslander-Gruson-Jensen Recollement (AGL Recollement). The
functors (DL,DA,DR) give rise to a recollement.
Ker(DA) fp(Mod(R),Ab) (mod(R
op),Ab)op
i
( )p
( )q
DR
DL
DA
Corollary 34. For any finitely presented functor F ,
(1) (F/Fq)q ∼= 0.
(2) (DLDAF/Fp)
p ∼= 0
To state the next result, we must recall the Auslander-Gruson-Jensen
duality. The following terminology will be used to illustrate the connections
with model theory of modules. This terminology is not standard. A functor
F : Mod(R) −→ Ab is called a pp-functor if there exists finitely presented
modules X,Y and a sequence of natural transformations
(X, ) −→ (Y, ) −→ F −→ 0
such that for any module A the sequence of abelian groups
(X,A) −→ (Y,A) −→ F (A) −→ 0
is exact. For any ring R, the pp-functors sit in fp(Mod(R),Ab) as a full
abelian subcategory. The full subcategory of fp(Mod(R),Ab) consisting of
the pp-functors is denoted by pp(Mod(R),Ab).
Every object in the category fp(Mod(R),Ab) is by the categorical defini-
tion a finitely presented object. This does not hold in (mod(Rop),Ab). The
finitely presented objects in (mod(Rop),Ab) are the functorsG : mod(Rop) −→
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Ab such that there exists U, V ∈ mod(Rop) and exact sequence
(V, ) −→ (U, ) −→ G −→ 0
This full subcategory is denoted fp(mod(Rop),Ab). It is easily verified that
pp(Mod(R),Ab) ≃ fp(mod(R),Ab).
There is a well known duality between fp(mod(R),Ab) and fp(mod(Rop),Ab)
fp(mod(R),Ab) fp(mod(Rop),Ab)
D
D
given by the formula
DF (X) = Nat(F,X ⊗ )
We will refer to this as the Auslander-Gruson-Jensen duality due to its dis-
covery in representation theory by Auslander in [2] and Gruson and Jensen
in [9]. The functor D was also discovered in the model theory of modules.2
This is due to a sequence of contributions:
(1) Prest defines the dual D(θ) of a pp-formula θ. For details, see [13].
(2) Herzog defines a category of pp-pairs. He shows that the category of
pp-pairs is an abelian category and extends D by defining D(θ/µ)
for the pp-pair θ/µ. For details, see [10].
(3) Burke shows that the the category of pp-pairs is equivalent to the
category of finitely presented functors and that the functor D is
equivalent to D. See [4] for details.
Using the fact that pp(Mod(R),Ab) ∼= fp(mod(R),Ab) and verifying that
DA and DL satisfy
DAF (X) = Nat(F,X ⊗ )
3 and DRF (X) = Nat(F,X ⊗ )
we get the following.
Proposition 35. The adjoint pair (DR,DA) restricts to the Auslander-
Gruson-Jensen duality.
2 We will not go into any details of model theory in this exposition. For a complete
account of the connection between finitely presented functors and model theory, the reader
is referred to [14], which we sometimes call “the big red book of pure-injectives”.
3 This is one of the reasons we have named DA the Auslander-Gruson-Jensen functor.
It is actually given by the same formula as D; however, the source and target categories
are different.
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fp(mod(R),Ab) fp(mod(Rop),Ab)op
D
D
Before discussing future work, we recall that we have produced the fol-
lowing adjunction diagram.
AGJ Adjunction Diagram.
Mod(R)
fp(Mod(R),Ab) (mod(Rop),Ab)
t
evRw
Y
DA
DL
DR
Relationship With Contravariant Case. In [11], Krause produces a
recollement of the restriction functor
R : fp(Aop,Ab) −→ (fp(A)op,Ab)
where A is a locally finitely presented category and fp(A) is the full subcate-
gory of finitely presented objects. This raises an interesting question. What
is the relationship between these two recollements? We will not answer this
question here; however, this will be addressed in [6] where we discuss how
the two recollements are instances of a general construction which utilizes
methods from [3] and derived functors.
Because DR and DL agree on injectives, one easily sees that DL ∼= L
0DR.
Thus there is an exact sequence of functors
0 −→ K −→ DL −→ DR −→ DR −→ 0
where DR and K are half exact and vanish on pure-injectives. This se-
quence is an example of the projective stabilization sequence introduced by
Auslander-Bridger in [3]. In [6], we will also show other instances of rec-
ollements arising in this way. These include recollements arising from the
functor w and the functor evR.
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